Remarks on Perspective Simplices
INTRODUCTION AND EBISUI'S THEOREM
Let π be a projective Desargues plane such that its coordinate field F has not the characteristic 2. As a consequence of these assumptions π can be immerged into a projective space of dimension n ≥ 3 and there exist harmonic quadruplets of collinear points. (Plane π is a Fano plane, i.e. each quadrangle in π has a triangle of diagonal points; confer e.g. [1] .) For such a plane π the following theorem holds, see also : ,
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define three lines , , EE FF GG which are incident with a common point H.
(This theorem was communicated by the second author at the "Meeting of the Japan Society for Geometry and Graphics", Mai 12-13, 2007, Tokyo. ) A simple but lengthy proof of Theorem 1 might use elementary affine vector calculus in π assuming that none of the given and calculated points is an ideal point. Of course one will use an affine (or even projective) coordinate frame in π, which is suitably connected with the given point set {Z, A i , ..., D i } to make calculation as simple as possible. But such an analytic proof does not show, where Theorem 1 belongs to and in which way it generalises the well-known Desargues' theorem of perspective triangles. As the Theorem 1 deals only with incidences, it obviously belongs to projective geometry based on a rather general coordinate field F , even it, at first, was stated as a theorem in a Euclidean plane. , , EE FF GG ! In the following we interpret the planar figure to Theorem 1 as an image of an object in space, similar to the classical interpretation of the (planar) Theorem of Desargues as linear image of a triangular pyramid, which is intersected by two planes. This allows a proof of Theorem 1 by simple reasoning instead of calculation and it gives a hint, how to generalize it to higher (and even lower) dimensions:
We interpret the planar "Ebisui figure" as the central projection of a cross-polytope in 4-space. Even so one at first might start with a regular cross-polytope in the Euclidean 4-space, the proof holds also for 4-spaces over any field F with char F ≠ 2. Using this idea allows to interpret any (classical) Desargues figure as the central projection of a regular octahedron in the projective enclosed Euclidean 3-space. Similarly, as any quadrangle Q can be interpreted as central projection of a square Q', the quadrangle Q together with its 6 lines, i.e. the 'complete' quadrangle, can be interpreted as the 2-dimensional case of an Ebisui figure.
For dimensions n > 4 there exist incidence figures, too, but we end up with rather complicated configurations. Anyway, higher dimensional interpretations of perspective simplices and their connection to crosspolytopes still are possible and will result in incidence statements for those cross-polytopes.
DESARGUES' THEOREM AND CENTRAL AXONOMETRY
The well-known theorem of Desargues concerns two Zperspective triangles and deals with incidences alone. If the place of action is a projective plane π such that Desargues' theorem is valid, then π is embeddable into a projective 3-space Π, and the Desargues theorem becomes obvious by the well-known interpretation of the figure as the linear image of an object in Π, namely of a 3-sided pyramid intersected by two planes, see Figure 2 . If the Desargues axis z of a (labelled) Desargues figure (see Figure 2 (a)) does not pass through the perspectivity centre Z, this figure defines a homology κ:π → π with centre Z, axis z and a pair (A 1 , A 2 ) of corresponding points. The cross ratio ( ) 2 1 , , , :
The Desargues figure shows an elation κ:π → π, if Z z ∈ . In this case a characteristic cross ratio is not defined.
Remark: We distinguish the concepts "Desargues figure" and "Desargues configuration". The (10 3 , 10 3 ) -configuration of Desargues (Figure 2a ) is a set of 10 points and 10 lines and no point (line) is distinguished from any other point (line). The concept characteristic cross-ratio does not make sense for such an "unlabelled" configuration. Taking another point of this configuration as center Z leads (in general) to another characteristic cross ratio value. The relation of all possible characteristic cross ratios to a Desargues configuration is described in [6] .
In the 3-space Π the pre-image of the planar homology or elation κ is a perspectivity ψ:π 1 → π 2 of a plane π 1 onto a plane π 2 with the pyramid's vertex V as the perspectivity centre, see Figure 2 (b). This perspectivity ψ can be embedded into perspective collineations χ:Π → Π and there is a one-parametric set of such collineations, as we may choose any plane ω through π 1 ∩ π 2 as fixed plane. Among these collineations χ, for any coordinate field ( ) 2 1 , , , : CR A A Z z c == ∈ F of char F ≠ 2, besides the two singular ones with ω = π 1 or ω = π 2 as axis, there are two canonically distinguished regular ones: the elation χ 0 with the fixed plane (π 1 ∩ π 2 ) ˅ V ==: ω and the harmonic homology χ -1 with an axis ω such that CR(π 2 , π 1 , z ˅ Z, ω) = -1. (We supposed π to be a Fano plane, therefore harmonic homologies in π and in Π are well defined regular perspective collineations.)
As we finally aim at the "overcrossings" occurring in Theorem 1 it seems to be natural to consider only the harmonic homology χ -1 as the distinguished collineation within the set of all perspective collineations belonging to ψ.
Let us at first consider a classical Desargues figure in a projective plane π which we at first embed into a projective enclosed affine 3-space Π α . The basic figure of two Z-perspective triangles {Z;
⊂ π can be interpreted as the fundamental figure of a central axonometry α: Π α → π. Remark: "central axonometry" means a linear mapping of a space Π onto an image plane π based on a projective coordinate frame in Π and its linear image figure, which usually is called the "axonometric fundamental figure", (see e.g. [2] , [3] , [4] and [5] ). Extensions to higher dimensions are obvious. Then, by using the originals O and
.., D 1 ∈ π as origin and unit points of a coordinate frame, we receive very simple projective coordinates of the points of the entire configuration, namely:
Therewith we get the originals (c.f. (1)
and finally ( ) 
These three lines (4) intersect in a common point:
As the three lines , , , , , Π is taken as a projective enclosed Euclidean 4-space, then P 8 can be interpreted as a Euclidean regular cross-polytope. Remark 2: Note that central axonometry maps a point P' of the n-space to a point P of an image k-space or plane using the so-called coordinate path with respect to the axonometric base figure. The coordinate path uses the projective coordinates of P', therefore it is not necessary to distinguish between the original P' and their axonometric image P in terms of coordinates. In the following we therefore will omit to use different labelling for originals and their images, as it will come clear from the text what is meant.
COMPLETE QUADRANGLES AS THE TWO-DIMENSIONAL CASE: FANO'S FIGURE
Instead of perspective triangles in a projective Fano-plane π and its interpretation as (central) axonometric image of an octahedron let us now consider two line segments s 1 := (A 1 , B 1 ) s 2 := (A 2 , B 2 ) ⊂ π such that the endpoints of those segments form a quadrangle. These labelled segments define a unique perspectivity centre Z (see Fig. 4 ). Interpretation in space now degenerates to an interpretation in a projective enclosed affine (resp. Euclidean) plane π': 
EBISUI-POINTS OF PERSPECTIVE TETRAHEDRA AND COMPLETE QUADRANGLES
Already the four-dimensional case has to consider two subcases: the one described in Theorem 3 and one, where we start with a pair of perspective skew quadrangles in a 3-space Π Again we state as a: Theorem 5: Let two labelled skew quadrangles in a 3-dimensional projective Fano space be given in perspective position. Then the three lines , , EE FF GG defined according to Theorem 1 have a common point H. Remark 1: Two labelled tetrahedra in perspective position or two planar complete quadrangles in perspective position give rise to three pairs of edge quadrilaterals and each pair leads to an Ebisui point H k , k = 1,2,3. This combinatorial approach, which we also want to apply to higher dimensions, makes a relabelling of the quadrangles necessary: We will also use the "ideal points" of lines ZA i and being harmonic to Z with respect to the pairs (A i , B i ).The points C i form a simplex (i.e. a tetrahedron) in the ideal hyperplane, i.e. a 3-space and have (0,δ 1i ,δ 2i ,δ 3i ,δ 4i )F as projective coordinates.
We list the three cases with the corresponding figures and coordinates below ( Table 1 , Figures 5 and 6 ):
From Table 1 we read off that there occur only six different points D ij , and they are the vertices of a complete quadrilateral, the sides of which are the Desargues axes of the four pairs of partial triangles of the given pair of quadrangles resp. tetrahedra. The three Ebisui-points H k are the diagonal points of the above mentioned quadrilateral ( Figure 5 ). Our cross-polytope P 8 , which realises a perspectivity ψ 4 between two opposite face tetrahedra and the canonically defined harmonic homology χ 4 to ψ 4 , induces an octahedron P 6 in the (ideal) axis hyperplane of χ 4 . This octahedron again delivers the classical situation of a Desargues figure as treated in Chapter 2 with the two-dimensional case of a complete quadrangle in the axis plane of χ 3 , see Chapter 4. In the following we shall see that this hierarchical structure also holds for higher-dimensional cases.
HIGHER-DIMENSIONAL CASES
The idea of interpreting the planar figures as axonometric image of a square, an octahedron or a cross-polytope P 8 suggests to consider pairs of closed polygons with p vertices in perspective position in a given classical projective k-space Π k and interpret them as the central axonometric image of a cross-polytope P 2p in an n-dimensional affine (resp. Euclidean) space . The three hyper-
spanned by the set {D ij }, see Figure 7 .
In the following we present only the case p = 5 as an example. It illustrates already the occuring incidences and configurations also for arbitrary cases of p:
Let two Z-perspective 5-gons {A i },{B i ≠ A i } be given in a projective k-space (2 ≤ k ≤ 5), then, after interpreting this set of 11 points (which we assume to be different) as an axonometric fundamental figure of an axonometry α:Π 5 → Π k , the originals Z resp. A i resp. B i the homogenous coordinates (1,0,0,0,0) F resp. (1,δ 1i ,..., δ 5i ) and (1,-δ 1i , -δ 2i , -δ 3i , -δ 4i , -δ 5i ,) form a 5-cross-polytope P 10 . By this we get 10 "direct" and 10 "overcrossing" Desargues points as follows (Table 2 ): We list the coordinates in Table 3 : Tables 2 and 3 These statements concerning incidences and relations occurring in a special-dimensional case should give sufficient insight into the combinatorial and analytic methods to treat also arbitrary dimensional cases. The occurrence of Desargues configurations and their higher dimensional analogues shall be mentioned in more detail in the next chapter.
GENERALIZED DESARGUES CONFIGURATIONS AND CROSS-POLYTOPES
In the former Chapters we found complete quadrilaterals (resp. quadrangles) and 3D-Desargues configuration connected with cross-polytopes. For such crosspolytopes one can present a list of facets in Table 4 (at the end of text), see also [7] . Each face-triangle or face-tetrahedron, together with "ideal" points and lines, gives rise to a complete facequadrilateral resp. a Desargues configuration in the projective extended 3-space spanned by the facetetrahedron.
Similarly, a k-face-simplex, together with its ideal elements, defines what might be called a "i-Desargues configuration" generalizing the standard case to higher dimensions. Also here the system of incidences shall be shown in a Table 5 (also at the end of text). 
CONCLUSION
Starting from the discovery of a "remarkable point" occurring at perspective quadrangles in the projective enclosed Euclidean plane by the second author we could now generalize this fact to projective spaces over any coordinate field F with char F ≠ 2 and any dimension n ≥ 2. The key tool is the interpretation of the given pair of perspective p-gons as axonometric fundamental figure of a central axonometry mapping an affine crosspolytope of a p-dimensional projective enclosed affine space to the given pair of p-gons in the k-space spanned by them. As the axonometric coordinate path in the image k-space uses the same projective coordinates as are used in the original p-space, the calculation of occurring incidences acts on Zeroes and Ones alone.
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